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Pressure Gradients in the Regenerator and Overall
Pulse-Tube Refrigerator Performance
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Signi� cant pressure drops in the regenerator are typical in pulse-tube cryocoolers, with signi� cant impact on
performance. Irreversibilities due to viscous friction obviously lower ef� ciency, but in the pulse tube, this is not
necessarily the most crucial issue. Indeed, by virtue of having only one driven element (the compressor), the pulse
tube is a rather in� exible device from a design standpoint.Pressure and velocity amplitudes and phases determine
energy � uxes. Impedances ultimately determine how large these � uxes are, hence how good a refrigerator a given
design will produce. Impedance values are determined by the volume distribution, the ori� ce resistance, and the
effect of viscous friction in the regenerator. The focus is on friction, which is dif� cult to deal with, especially if
the device includes a bypass. An asymptotically consistent analysis has been developed, in which the regenera-
tor is represented as an arbitrary porous medium. In contrast with most models, the analysis initially assumes
arbitrary large pressure gradients and, of course, arbitrarily large temporal pressure � uctuations. The model
thus obtained shows that when pressure differences due to viscous friction are comparable with the amplitude
of temporal variations, viscous irreversibilities are much larger than the thermal ones. The regenerator formula-
tion is then incorporated within a small-amplitude, harmonic model of the overall device, including the bypass,
if any. For simple assumptions with respect to the temperature pro� le along the regenerator, such as linear and
exponential pro� les, closed-form solutions are obtained. Finally, the results are analyzed and their relevance is
discussed.

Nomenclature
A = net cross-sectionalarea
A = ori� ce admittance
a = constant describing exponential temperature pro� le
C1 = � rst integration constant
C2 = second integration constant
c = constant de� ning linear temperature pro� le
cp = speci� c heat at constant pressure
cv = speci� c heat at constant volume
Oex = unit vector in x direction
f = friction factor
i =

p
¡1

J1.X / = Bessel function of order 1 of the � rst kind
k = thermal conductivity
L = large length scale
l = small length scale (mesh size)
M = reference Mach number
m = constant,

p
[
p

.a4 C 4¼ 2 f 2/ C a2]=
p

2
n = constant,

p
[
p

.a4 C 4¼ 2 f 2/ ¡ a2]=
p

2
Pr = Prandtl number
p = pressure
p0 = pressure � eld from Eq. (10)
Re = reference Reynolds number
PS = entropy � ux
s = speci� c entropy
T = temperature
t = time
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U = mean instantaneous longitudinal velocity
in regenerator

u = x component of the velocity vector
u = velocity vector
V = volume inside pulse tube
v = velocity vector from Eq. (10), u=U
X = large-scale longitudinalcoordinate
x = small-scale longitudinalcoordinate
Y1.X / = Bessel function of order 1 of the second kind
® = parameter of order 1, M2 L=(Rel)
° = ratio of speci� c heats, cp=cv

± = parameter of order 1, ½refcpkm=M 2½mcmk
² = small parameter, l=L
¹ = dynamic viscosity
¼ = 3:1415926535: : :
½ = density
¿ = deviatoric stress tensor
Ä = impedance
! = angular speed
r = differential operator, either gradient

or (followed by ¢) divergence

Subscripts

A = interface between compressor space and aftercooler
AC = aftercooler
B = bypass
CP = compressor
F = freezer
H = interface between regeneratorand aftercooler
L = left (hot) regenerator end
m = matrix
O = ori� ce
R = right (cold) regeneratorend
ref = reference state
res = reservoir
T = pulse tube

Superscripts

(0) = leading-order term in perturbation series
(1) = term of order M2 in perturbation series
* = complex conjugate
Q = dimensional quantities

1897



1898 MAYZUS ET AL.

Introduction

M OST small-scale cryorefrigeratorscurrently operating in the
60–80-K range are of the Stirling type. It is expected, how-

ever, that ori� ce-type pulse-tube devices will progressively replace
Stirling technology in the coming years, as their performance im-
proves and their cost drops.1¡3 Their key advantage is simplicity,
with no moving parts on the cold side. On the other hand, with
only one active element, the compressor, instead of two in Stir-
ling refrigerators, the pulse-tube is a more in� exible device. The
relative magnitudes of oscillating pressure and oscillating velocity,
and their phase difference, play a crucial role in determining per-
formance. These variables are largely determined by the interaction
betweenvolumedistributionand ori� ce resistance,4 but theyare also
affected by viscous friction in the regenerator. At lower tempera-
tures, in contrast with noncryogenic applications of regenerators,
the balance between thermal losses and viscous losses shifts toward
the latter because the speed of sound drops and the Mach numbers
increase.Because pressure gradientsaffect the phase and amplitude
relationships between pressures and velocities, they affect the en-
ergy � uxes, even before accounting for the losses due to viscous
irreversibilities.That is the focus of this study.

When pressure gradients are neglected in the regenerator, the
interplay between ori� ce (and, if applicable, bypass) resistance
and volume distribution is readily determined by small-amplitude
analysis5 or, equivalently,phasordiagrams.6 In the linearizedmodel,
the current study incorporates the results of an asymptotically con-
sistent analysis of the � ow and pressure gradient in the regenerator,
for assumedregeneratortemperaturepro� les. Strictly speaking, this
last assumption is not asymptoticallyconsistent; indeed, pursued to
higher order, the analysis actually determines the temperatures.7

However, it will be shown that for reasonable assumed temperature
pro� les, such as the widely used linear pro� le,8 closed-forms solu-
tions are readily obtained for the entire refrigerator, which, within
a reasonable range, do not vary much with temperature pro� les.
Thus, this model yields a useful tool, which is very fast, in particular
when implemented using one of the symbolic manipulation pack-
ages available commercially. It readily provides solutions within
large subsets of the parameter space, identifying peaks and trends
in the selected global performance variable, such as the coef� cient
of performance or the refrigeration.

Fully numerical approximate solutions appear promising for
pulse-tubeperformanceprediction.However, signi� cant challenges
remain if large pressure gradients are to be solved for in a fully
coupled manner. Resolving acoustics9;10 results in numerical codes
either slow or coarsely resolved. High order of accuracy requires
� ux limiting to avoid oscillations and may be illusory because the
device geometry is only given to � rst order. Spaces with a linear
topology are easy to resolve in one-dimensional models, but bulky
volumes such as cylinder spaces are inherently three dimensional
and suffer from the thorny problemof turbulence.Simple but funda-
mentally sound approximatemodels are less problematic, although
not necessarily less accurate.

The current paper is organized as follows. First, the regenerator
model is developed,deferringa speci� c descriptionof thepulse-tube
device to the next section. When the discussion is kept as general
as possible, pressure amplitudes are taken as arbitrary, deferring an
additionalassumption,that amplitudesare small, to the next section.
Crucially, the regenerator model assumes that spatial and temporal
pressure variations are of comparable magnitudes. The matrix is
described as an arbitrary porous medium, and a distinguished limit
is introduced that relates the ratio mesh size/large length scales to
the Mach number. Next, the attention shifts to entire refrigerator,
startingwith its complete descriptionand a discussionof its operat-
ing principle. The small-amplitude approximation is introduced in
a precise manner. From volume distribution, ori� ce resistance, and
compressor motion, appropriate boundary conditions to the regen-
erator problemare obtained,with or without a bypass.The resulting
boundary-value problem is then solved in closed form, assuming
two different temperature pro� les, linear and exponential, respec-
tively. Finally, solutions for speci� c con� gurations illustrate how
powerful the approach is and yield new insight in the role of the
bypass.

Regenerator Model
Methodology and Assumptions

The regeneratormodel that results from theanalysisin this section
looks deceptively simple. It consists of full one-dimensional con-
tinuity, a one-dimensional approximation to momentum in which
inertia is neglected and in which viscous effects represented by
a Darcy law are balanced by pressure gradients at leading order,
and, � nally, a time-independent temperature pro� le. Temperature
varies only longitudinally on a length scale comparable with the
regenerator length, but it is constant on scales comparable with
the mesh size. Although simple, this speci� c combination of the
three approximate conservationequations is new. As shown here, it
can be derived rigorously as a proper asymptotic limit to the com-
plete three-dimensionalproblem. In contrast, in the more complete
one-dimensionalproblem typically solved numerically,9 the energy
equation allowing for heat transfer between � uid and matrix is em-
pirical. (The empirical one-dimensional energy equation fails to
conserve energy between temporal � uctuations and advected con-
tributions. Indeed, averaging the full energy over the cross section
results in a simple transverse averaging for the � rst, whereas the
second, following the Graetz approach,11 requires mass � ow tem-
perature averaging.12 For nonuniform pro� les, these two averages
differ; for parabolic � ow, results from the one-dimensionalequation
demonstrablyare inconsistentwith the two-dimensional solution.7 )
Although the results in this section may look obvious, that they can
be derived rigorously is not obvious nor unimportant. The analy-
sis itself is not trivial, and it also provides for identi� cation of the
complete set of required assumptions.

The regeneratorgeometryconsidersa ductof � nitelengthanduni-
form cross section, � lled with a porous medium of arbitrary topol-
ogy, detailsof which are not known.An equivalentone-dimensional
problem is derived that represents as accurately as possible the
behavior of the exact problem even though the detailed topology
is not known. Two scales are introduced, one characterizing the
mesh, which is very small, typically in the 40-¹m range, and the
other the length and diameter, with typical values in the 1–10-cm
range, which are comparatively large. When a conventional mul-
tiple scale technique is used, the viscous effect on pressure gra-
dients, which has its source on the small scale, is then allocated
to the large-scale problem. A speci� c distinguished limit provides
for leading-orderpressure gradients occurring over the regenerator
length.

The solutionassumes that 1) Mach numbersare small; 2) arbitrar-
ily large sweeps occur; hence a regeneratorlength that is short com-
pared to the acoustic wavelength; 3) arbitrary pressure � uctuations
in time occur; 4) the thermal mass of the matrix is large compared
with that of the cycle � uid; and 5) to the best of our knowledge, the
mesh topology is statistically uniform lengthwise. These assump-
tions are substantially different from usual porous media � ows in
the literature,13 simpler in some respects and more complex in oth-
ers. Assumptions 3 and 4 will be expressed in a precise way as the
analysis proceeds.

Whenever a small Mach number assumption is made, a decision
concerning lengths is unavoidable: Lengths scale either with the
sweep by the � uid motion, or with acoustic wavelengths. The two
possible choices yield different results. It is not the case that one is
more general than the other, but given a speci� c situation, one may
be more realistic than the other. As in previous work,7;14 the former
has been selected here. It allows for large pressure oscillations,but
pressure gradients due to � uid inertia are excluded. In contrast, the
acousticmodel15 is limited to small pressure � uctuations,but allows
for � uid inertia to play a role. In helium at ambient temperatureand
at 20 Hz, acoustic wavelengths are of the order of 50 m; the sweep,
smaller by a factor equal to the Mach number, is more representative
of typical regenerator lengths.

Conservation Equations, Scaling, and Distinguished Limits
The problem includes conservationequations and boundary con-

ditions. For the current purposes, the stationary regime is being
sought,and the problemof interest is then a periodicboundary-value
problem,which does not require initial conditions.When the dimen-
sional variable names are indicated with a tilde, the conservation
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equations include mass, momentum, energy for the � uid, and en-
ergy in the matrix:

@ Q½
@ Qt

C Qr ¢ . Q½ Qu/ D 0 (1a)

Q½
@ Qu
@ Qt

C Q½ Qu ¢ Qr Qu D ¡ Qr Qp C Qr ¢ Q¿ (1b)

@

@ Qt

µ
Q½cv

QT C
1

2
Q½. Qu ¢ Qu/

¶

C Qr ¢
µ

Q½ Qu
»

cp
QT C

1

2
. Qu ¢ Qu/

¼
¡ Qu Q¿ ¡ k Qr QT

¶
D 0 (1c)

½mcm
@ QTm

@ Qt
D Qr ¢ km

Qr QTm (1d)

with QT D QTm and km
Qr QTm D k Qr QT at the boundariesbetween matrix

and � uid. The energyequation (1c) results from adding the mechan-
ical energy equation, obtainedby dot-multiplyingmomentum by Qu,
to the thermal energy equation.

Next, time is scaled by the period of the compressor motion, ve-
locity, from assumption 2, by the ratio regenerator length/period,
pressure by a representative value close to the mean pressure, and
temperature by some representative reference.Density is scaled by
its value at the reference pressure and temperature. For length, two
scales are introduced: l the mesh thickness and L the regenerator
length. The parameters appearing in the dimensionless equations
are the reference Mach number M equal to the reference velocity
divided by the speed of sound at the reference state, the reference
Reynolds numberRe basedon the mesh size, the Prandtl numberPr,
the ratio ¹ of the dynamicviscosityto its valueat the referencestate,
and the ratio of speci� c heats ° . From assumption3, pressuregradi-
ents are of order unity over the long length scale L . In momentum,
short-range viscous forces must then be of order unity, hence the
following relationshipbetween M and l=L (a distinguishedlimit):

.M2=Re/.L=l/ D ® D O.1/ (2)

Likewise, assumption 4 is fairly realistic, that is, the thermal dif-
fusivity of the matrix is higher than that of the gas. More precisely,
it is assumed that ± is of order unity:

.½refcp=½m cm /.km =k/ D M2± (3)

This leaves only one remaining independent small parameter,
which is used in the perturbation scheme introduced next. When
l=L is replacedby its expressionin M2 and ®, the conservationlaws
now depend only on M 2 and parameters of order unity:

M 2

³
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®Re

M2
r ¢ .½uT / D ®

M2
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Pr
r T C O.1/ (4c)

@T

@t
D ® r ¢ ±

Pr
r T C O.M2/ (4d)

Perturbation Solution
All variablesare written as perturbationseries in M2, for instance,

for velocity,

u D u.0/ C M2u.1/ C ¢ ¢ ¢ (5)

Replacing into Eqs. (4) and collecting leading-order terms results
in r ¢ .½ .0/u.0// D 0 and r p.0/ D 0; hence, p.0/ D p.0/.X; t/. The
energy equations become

r ¢
¡
½ .0/T .0/u.0/

¢
D 1

Re
r ¢ ¹

Pr
r T .0/ (6a)

@T .0/

@t
D ® r ¢ ±

Pr
r T .0/ (6b)

This problem for temperatures is homogeneous both in time and
in the short coordinates,with homogeneousboundary conditions. It
only admits the trivial solution independent of either time and the
short coordinate: T .0/ D T .0/.X/. Because p.0/ is also independent
of x, so is density, and r ¢ u.0/ D 0.

To the next order, only mass and momentum are needed:

@½ .0/

@t
C @

@ X

¡
½ .0/u.0/

¢
C ®Re½ .0/ r ¢ u.1/ C ®Reu.0/ ¢ r ½ .1/ D 0

(7a)

Re®½ .0/u.0/ ¢ r u.0/ D ¡ 1
°

³
@p.0/

@ X
Oex C ®Rer p.1/

´
C ®¹ r 2u.0/

(7b)

The goal here is to obtain a one-dimensional problem that does
notdependon the short-spacecoordinates.To that effect, the average
velocity U .X ; t/ de� ned by integration over the void cross section
A.x/ is introduced:

AU D
Z

A

u.0/ ¢ Oex dA (8)

When continuity equation (7a) is integrated over A, and it is taken
into account that, to all orders, velocityvanishesat the matrix walls,
the usual one-dimensionalcontinuity equation is obtained:

@½ .0/

@t
C @

@ X

¡
½.0/U

¢
D 0 (9)

Next, the vector v and the pressure � eld p0 are introduced.They
dependonly on the local instantaneousReynoldsnumber and the lo-
cal mesh topology.They are de� ned as the solution to the following
incompressibleproblem, in which the local instantaneousReynolds
number ReU½.0/=¹, assumed known, is taken as a parameter:

r ¢ v D 0 (10a)

Re
¡
U½ .0/

¯
¹

¢
v ¢ r v D ¡.Re=° ¹/ r p0 C r 2v (10b)

with no-slip boundary conditions at the matrix wall. When the so-
lution is made unique, with the auxiliary condition imposing a total
volumetric � ow equal to unity,

Z

A

v ¢ Oex dA D A (11)

When these equations are multiplied by U , the incompressible� ow
problemdescribedby Eq. (7b) is recoveredwith u DUv if pressures
are related by

p.1/ C 1
®Re

x
@p.0/

@X
D U p0 (12)

Next, consider the pressure difference from the two locations x¡

and xC :

1

®Re
.xC ¡ x¡/

@p.0/

@ X
D

¡
U p0 ¡ p.1/

¢­­xC

x¡ (13)

The introductionof two length scales results in indeterminacy in
the allocation of the pressure gradients between short-range gradi-
ents in p.1/ and long-rangegradients in p.0/. However, there cannot
be a nonzero mean gradient over the short scale. Thus, the inde-
terminacy is resolved by allocating any nonzero mean to the long
range:

lim
.x C ¡ x¡ / ! 1

1
xC ¡ x¡ p.1/

­­­­
x C

x ¡
D 0 (14)

Finally, the one-dimensionalmomentum equation is obtained:

@p.0/

@ X
D ¡ f U (15)
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When a formal (nonempirical) de� nition is adopted for the friction
factor f (ReU½ .0/=¹/,

f D ¡Re® lim
.xC ¡ x¡/ ! 1

1
xC ¡ x¡

p0

­­­­
x C

x ¡

(16)

This limit is obtained from the problem for v and p0. Its value
depends on X and t only through the local, instantaneousReynolds
number, and it does not vary in the transverse direction because
transverse � uctuations in p0 are � nite. The formulation allows for
f to depend on the local mesh topology at X , but usually the best
assumption is to take the mesh to be statisticallyuniform in X . For a
given matrix topology, as usual, this friction factor is then obtained
fromsteadylaminar� owexperimentssuch as by Miyabeet al.,16 in a
geometricallysimilar matrix. In the laminar limit, the linear friction
model typical of porous media is recovered.13 When superscripts
are dropped from leading-order density and temperature and P is
used for leading-orderpressure, the one-dimensionalproblem is

@½

@t
C @

@ X
.½U / D 0 (17a)

@ P

@ X
D ¡ f U (17b)

T D T .X / D
P

½
(17c)

Higher-order perturbationswould yield an equation for leading-
order temperature in the usual way,7;14;17;18 showing inter alia that
a so-called dc � ow (mass � ow imbalance over one period) larger
than O.M 2/ is incompatiblewith a leading-orderlongitudinal tem-
perature gradient. Thus, any nonzero enthalpy � ux, hence also any
thermal irreversibility,is relegatedto O.M2/. Viscous friction,how-
ever, results in entropy sources at leading order. The total entropy
carried by the � uid at some location X in the regenerator over one
period, the entropy � ux PS, can be evaluated:

PS D
Z

¿

0

³ Z

A

½us dA

´
dt (18)

When it is taken into account that, for an ideal gas, entropy is related
to pressure and temperature by s D log T ¡ .° ¡ 1/=° log p, the
leading-order entropy � ux is given by

PS.X / D ¡
° ¡ 1

°

Z
¿

0

½U log P dt D
.° ¡ 1/

° f T

Z
¿

0

P
@ P

@ X
log P dt

(19)

If the pressuregradient is nonzero, the leading-orderentropy � ux
is nonzero.

Pulse-Tube Model
Pulse-Tube Description

The typical pulse-tube con� guration is shown on Fig. 1. At the
left end of Fig. 1 picture, a piston is periodically oscillating, in-
dicated by CP (for compression space), and produces the � ow in
the entire device. From left to right, the various � ow passages are
any unavoidable compressor dead volume, the aftercooler (a heat

Fig. 1 Pulse-tube refrigerator, con� guration and indices: from left to
right, volumes are CP, compressor; AC, aftercooler; Reg, regenerator;
F, freezer; T, pulse tube proper; and Res, reservoir. Interfaces denoted
with indices as shown; resistances (usually valves) are main ori� ce O
and bypass B.

exchanger at ambient temperature), the regenerator, the freezer, the
pulse-tubeproper and, � nally, an ori� ce connected to the reservoir:
a buffer volume. A bypass between regenerator,freezer, and tube is
often found to improve performance.19

Brie� y, that this device produces refrigeration can be explained
as follows. With its high thermal mass and good heat transfer ca-
pability, the regenerator works as a heat sponge, so that a nearly
time-independent temperature gradient is maintained between its
two extremities. As a result, in the � rst approximation, on both
sides, the � uid returns from the regenerator at the same tempera-
ture as it entered, and there is little energy exchange between the
two sides. There is, however, a large entropy exchange. Indeed, if
there are no signi� cant energy exchanges, then any work done by
the compressor must leave the system in the aftercooler, carrying a
substantial entropy � ux out of the system (dS D dQ=T ), which has
nowhere to come from except the regenerator. On the other side of
the regenerator, in the � rst approximation, isentropic � ow occurs
in the tube connecting the region at low temperature to the ori� ce,
which is at ambient temperatureand effectivelyalso works as a heat
exchanger. Thus, if the entropy delivered by the regenerator at its
warm end is larger than the entropy sources due to internal losses,
heat is absorbed in the freezer. In the absence of other losses be-
sides the inherent irreversibilitydue to throttling in the ori� ce, this
simple model yields a coef� cient of performance (COP; the ratio
refrigeration/compressor power), equal to the temperature ratio, as
� rst noted by Kittel.20

It was shown in theprecedingsectionthat a nonzeroleading-order
pressure gradient results in a nonzero gradient in the leading-order
entropy � ux; thus, there is entropy created at leading order. The
entropy sources due to thermal irreversibilitiesare of smaller order
in M2 , however, and so is the enthalpy � ux. As a result, to leading
order, work and heat still balance each other at both ends of the re-
generator even in the presence of a nonzero leading-orderpressure
gradient.The heat out at the aftercoolerend of the pulse tube, hence
also the compressor work, equals the entropy � ux coming out of
the regenerator at that end times the aftercooler temperature. Re-
frigerationequals the entropy � ux into the regeneratorat the freezer
end times the freezer temperature.When these � uxes are equal, this
results obviously in the Kittel COP.20 Otherwise, that value is mul-
tiplied by the ratio of the entropy � uxes (from the freezer/into the
aftercooler), which is less than unity.

The pressure gradients in the regeneratoralso affect performance
in a different and more subtle way. The energy � uxes, and hence
the refrigerationproduced,are stronglydependenton the amplitude
and phase relationship between pressure and velocity throughout
the device.Quanti� cation requires the whole design to be taken into
account. However, the additional assumption that amplitudes are
small is introduced, which turns out to be fairly accurate in typi-
cal pulse-tubedevices. Indeed, the only way to reduce the impact of
transitionlosses to an acceptablelevel is to limit amplitudes.4;21 The
low-amplitude approximation reduces the problem under consider-
ation to a linear problem, potentially with closed-form solutions.

Small Amplitude
The small-amplitude model originates in the phasor diagrams

introducedby Storch and Radebaugh.6 The followingmodel closely
matches the approach by Bauwens.4 All volumes are taken to be of
the same order. The compressor displacement is small compared
with the other volumes, in a ratio ² between volumetric compressor
amplitude and net regeneratorvolume. When all volumes are scaled
by the regeneratorvolume, the compressor motion is then given by

UCP D ².exp2¼ i t C exp ¡2¼ i t/ D 2²Re[exp 2¼ i t] (20)

Then velocities in all spaces including the regenerator (ex-
cept the ori� ces) are of order ². The solution is sinusoidal,
U D ²u.X / exp 2¼ i t . When the mean pressure is used as the ref-
erence pressure, P D 1 C ²p.X / exp2¼ i t . The regenerator model
becomes

2¼ i
p

T
C d

dX

³
u

T

´
D 0 (21a)
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dp

dX
D ¡ f u (21b)

T D T .X/ (21c)

The friction factor f approachesits constant laminar limit. In the
small-amplitude limit, the entropy � ux given by Eq. (19) becomes

PS.X / D .° ¡ 1/

° f T
d. p¤ p/

dX
(22)

and, consequently, the COP is given by

COP D d.p¤ p/=dX jfreezer

d.p¤ p/=dX jaftercooler

(23)

Representation of the Various Volumes
The boundary conditions at the regenerator ends depend on the

entire device con� guration shown in Fig. 1. In the ducts, the pulse-
tube proper, the reservoir, and the compressor, the � ow is taken to
be one-dimensionaland isentropicbut not necessarilyhomentropic.
In particular in the tube, the transitionfrom low to high temperature
requires a nontrivialentropy strati� cation. Furthermore, the lengths
are short compared to acoustic wavelengths, and viscous forces are
small; pressureis approximatelyuniform,although time dependent.
Whendensity is eliminatedbetweenthemass and entropyequations,
and it is taken into account that the period is unity and going to
Fourier space, the relationship between pressure and velocity is4

1

°
2i¼p C

du

dX
D 0 (24)

In the heat exchangers, the � ow is approximately isothermal. For
constant temperature, in Fourier space, mass conservationyields

2i¼p C du

dX
D 0 (25)

These equations are readily integrated in space, reducing each vol-
ume into an impedance relating the difference in velocity at its
ends with the time derivativeof pressure.Furthermore, in the small-
amplitude limit, the effect of transition losses21 is relegated to
smaller order in ² (Ref. 4); thus, density is continuous at the in-
terfaces between spaces, hence so is the volumetric � ow. If U is
de� ned as the volumetric � ow corresponding to a regenerator with
unit cross section, then, after integration with respect to length, the
change in volumetric � ow is related to pressure by the following
relationship for isentropic tubes:

V 2i¼p C ° .u right ¡ uleft/ D 0 (26)

In spaces where temperature is constant, a similar relationship is
obtained, replacing ° by 1.

The tube and reservoir are separated by an ori� ce, across which
a signi� cant pressure drop occurs; likewise, the bypass includes a
valve, and these � ow restrictionsneed a model. In a slender ori� ce,
longitudinal diffusion is negligible, but transverse diffusion is not.
If, furthermore, the length of the ori� ce is short compared to the
sweep by the � ow, then the � ow becomes quasi steady, and all
time derivativesare negligible.In particular,mass conservationthen
results in a spatiallyuniformmass � ow rate ½u, and the inertia terms
are negligible in the momentum equation. Finally, for velocities
smaller than the speed of sound, acceleration terms are negligible.
This yields the familiar Poiseuille parabolic velocity pro� le, which
integrated over the cross-section and over the ori� ce length results
in a simple resistive model:

[p] D ¡° Äu (27)

The mass � ow rate is uniform along the ori� ce; thus, so is u. The
resistanceÄ obviouslydependson the ori� ce properties.4;22 The ad-
mittance A D 1=Ä is useful because a fully closed ori� ce, a reach-
able and realistic limit, corresponds to a zero admittance.

Finally, at the extremitiesof the bypass,mass conservationyields
a Kirchhoff law: The net sum of the mass � ows coming from all
branches is zero.

When these various components are taken into account, indices
are used as shown on Fig. 1, and V is used for the various volumes,
algebraic equations are obtained.

For the various spaces,

2¼ i pR VF C uF ¡ uR D 0 (28a)

2¼ i pR VT C ° .uT ¡ uF / D 0 (28b)

2¼ i pR Vres ¡ ° uO D 0 (28c)

2¼ i pL VAC C uH ¡ u A D 0 (28d)

2¼ i pL VCP C ° .u A ¡ uCP/ D 0 (28e)

For the ori� ce resistances,

pres ¡ pR D ¡° ÄO uO (29a)

pR ¡ pL D ¡° ÄB u B (29b)

For the bypass connections,

uL C uB D u H (30a)

uO D uT C u B (30b)

For the compressor amplitude, uCP D 1. After elimination, the
following boundary conditions to the regenerator problem are
obtained:

° uL D ° C .pR ¡ pL/=ÄB ¡ 2¼ i pL VL (31a)

° u R D .pR ¡ pL /=ÄB C 2¼ i pR VR (31b)

in which VR and VL have been used:

VL D ° VAC C VCP (32a)

VR D
Vres

1 C 2¼iÄO Vres
C ° VF C VT (32b)

These boundary conditions correspond to a con� guration includ-
ing the bypass shown in Fig. 1. The case without bypass is readily
dealt with setting ÄB ! 1. The right boundary condition is homo-
geneous. Because of the forcing produced by the compressor, the
left boundary condition is not homogeneous.

Exact Solutions
Problem Formulation

The problem consists of Eqs. (21) with boundary conditions,
respectively, at X D 0 and 1, given by Eqs. (31), in which T .X/
is known. Eliminating velocity yields a second-order problem for
p.X / with mixed boundary conditions if the con� guration includes
a bypass. With pL D p.0/ and pR D p.1/,

T
d

dX

³
1
T

dp

dX

´
¡ 2 f ¼i p D 0 (33a)

°

f

dp

dX

­­­­
L

C ° C
pR ¡ pL

ÄB
¡ 2¼ i pL VL D 0 (33b)

°

f

dp

dX

­­­­
R

C
pR ¡ pL

ÄB

C 2¼ i pR VR D 0 (33c)

For the two speci� c temperature pro� les shown in Fig. 2, exponen-
tial and linear, respectively, closed-form solutions exist. Although
the actual pro� le will not be either of these, if both the linear and
exponential pro� le yield results close to each other, then it is rea-
sonable to infer that results for other similar pro� les, including the
correctone,will also be close. In the absenceof speci� c information,



1902 MAYZUS ET AL.

Fig. 2 Regenerator temperature pro� les: thick line, linear pro-
� le and thin line, exponential pro� le. (Temperature and length are
dimensionless.)

the linear pro� le has often been taken as an assumption by virtue of
its apparent simplicity.8;23

Linear Pro� le
For the linear temperature pro� le,

1
T

dT

dX
D 1

X ¡ c
; c D

T .X L /

T .X L / ¡ T .X R /
(34)

so that Eq. (33a) becomes

.X ¡ c/
d2 p

dX 2
¡ dp

dX
¡ 2¼ i f .X ¡ c/p D 0 (35)

the solution of which is

p D .X ¡ c/
©
C1 J1

£
i
p

2¼ i f .X ¡ c/
¤

C C2Y1

£
i
p

2¼ i f .X ¡ c/
¤ª

(36)

The boundaryconditionsdeterminethe integrationconstantsC1 and
C2 (see Appendix A). Closed-formexpressionsfor COP and refrig-
eration are obtained, respectively, from Eq. (23) and from knowing
that refrigeration equals ¡.° ¡ 1/.up¤ C u¤ p/=° , evaluated in the
freezer.

Exponential Pro� le
If the temperature pro� le is exponential, then the equation has

constant coef� cients and the solution is simpler. The pro� le is given
by

1
T

dT

dX
D 2a; 2a D log T .X R / ¡ log T .X L / (37)

so that the differential equation becomes

d2 p

dX 2
¡ 2a

dp

dX
¡ 2¼ i f p D 0 (38)

The solution is

p D exp aX fC1 exp[.m C in/X] C C2 exp[¡.m C in/X]g (39)

in which the constants m and n are de� ned as

m D
¡
1
¯p

2
¢qp

a4 C 4¼ 2 f 2 C a2 (40a)

n D
¡
1
¯p

2
¢qp

a4 C 4¼ 2 f 2 ¡ a2 (40b)

andagain, the integrationconstantsC1 andC2 are readilydetermined
by the boundary conditions (see Appendix B).

Results and Discussion
Con� guration and Operating Conditions

Detailed solutions were obtained, for both the linear and expo-
nential temperature pro� les, for a pulse-tubecryocooler con� gured
as follows. The temperature ratio was taken to be 1

3 . Expressed
as fractions of the regenerator volume, the other volumes were
Vres D 369, VT D 1:00, VCP D 2:77, VAC D 1:55, and VF D 0:94. The
values ° D 1:6 and f D 0:05 were used. The ori� ce resistances
were varied over a range of values. These parameters were se-
lected because they are in the same range as in a prototype de-
veloped in Calgary, which yields a no-load temperature of 50 K.
All results shown are dimensionless. The dependency in both fre-
quency and actual piston displacementare incorporatedin the small
parameter ².

Pressure Amplitude and Phase in the Regenerator
For the speci� c value ÄO D 0:1 of the ori� ce resistance, the lon-

gitudinal pro� les of pressure amplitude, that is the real part of the
complex amplitude, and phase differencebetween pressure and ve-
locityalong the regeneratorwere obtained.They are shown in Fig. 3
for a con� gurationwithout a bypassand in Fig. 4 for a con� guration
with a bypass with resistanceÄB D 0:05, respectively.These results
are shown for both the linear and exponential temperature pro� les.
In all cases, pressure lags behind the forcing oscillation. These re-
sults are consistentqualitativelyand in magnitudewith preliminary
experimental results.

The bypass results in a signi� cantly smaller drop in pressure
amplitude and also in a reduction in the phase shift across the re-
generator. The increased pressure amplitude at the cold end and
the decrease in the phase angle both improve performance. Not
only have the irreversibilitiesbeen reduced,but more important, the
higher value of the product up¤ shows an increase in refrigeration.

Fig. 3 Pressure amplitude along the regenerator length: ori� ce resis-
tance X O = 0.10: thick lines, bypass with resistance X B = 0.05; thin
lines, no bypass; continuous lines, linear temperature pro� le; and bro-
ken lines, exponential pro� le (pressure and length dimensionless).

Fig. 4 Pressure phase angle along the regenerator length; same nota-
tion as Fig. 3.



MAYZUS ET AL. 1903

In other words, the refrigerator is better designed overall, produc-
ing a higher output before losses. Because many losses, such as
conduction or radiation losses, are more or less independent of the
refrigerationproduced, the net ef� ciency including the effect of all
loss mechanisms not included in the current model should improve
even more.

Differences are noticeable between the two temperature pro� les
in the amplitude results,whereas the difference in the phase shifts is
insigni� cant.One side effect of thedifferencein the two temperature
pro� les is that the total mass of � uid in the regenerator is larger
for the exponentialpro� le, hence the somewhat decreased pressure
amplitude at the warm end. This could be corrected by adjusting
somewhat the piston amplitude to the speci� c pro� le instead of
simply using the same value.

Effect of Ori� ce and Bypass Impedance on Performance
Introductionof the bypass increasesthe amplitudeof the pressure

� uctuation on the cold side and reduces the phase angle, with clear
effects on performance.However, from experiments, the results are
known to be quite sensitive to the bypass resistance,and the optimal
bypass resistance is known to dependon the main ori� ce resistance.
Likewise, even without taking the pressure gradient in the regen-
erator into account, it is clear that there is an optimal value of the
ori� ce resistance.4;5

To study these issues, numerical results from both earlier solu-
tions were obtained for a range of values of both resistances (or

a)

b)

Fig. 5 Effect of ori� ce admittances AAO and AAB on COP: a) linear
temperature pro� le, peak COP (+) = 0.149, from peak, level curves
correspond to 0.1475, 0.1450, 0.140, 0.130, 0.125, 0.120, 0.110, 0.100,
and 0.080; and b) exponential pro� le, peak COP = 0.152, level curves
correspond to 0.150, 0.1450,0.140, 0.130, 0.125, 0.120, 0.110, 0.100, and
0.080.

a)

b)

Fig. 6 Effect of ori� ce admittances AAO and AAB on refrigeration: a)
linear temperature pro� le, peak refrigeration (+) = 0.043, from peak,
level curves correspond to 0.0425, 0.0400, 0.0375, 0.0350, 0.030, 0.0250,
0.0200, 0.0150, 0.0100, and 0.0050; and b) exponential pro� le, peak =
0.044, level curves correspond to 0.0425, 0.0400, 0.0375, 0.0350, 0.030,
0.0250, 0.0200, 0.0150, 0.0100, and 0.0050.

admittances). Figure 5 shows contourplots of the coef� cient of per-
formance for an array of values of both admittances, for both the
linear and exponential temperature pro� le, whereas Fig. 6 shows
the refrigeration. Figures 7 and 8 show the pressure drop across
the regenerator and the phase at the cold end, respectively, for the
linear temperature pro� le. (Results for the exponential pro� le are
undistinguishable.)

First, these results show that there is a minimal difference be-
tween the two assumed temperature pro� les, con� rming that the
impact of small variations in the pro� le is much below the effect of
other uncertainties.Second, the COP and refrigerationresults show
a clear maximum for both, con� rming that the interaction between
pressure gradients in the regeneratorand � ow in the bypass plays at
least some role. This is one explanation (although not necessarily
the only one) for an observationby Zhu et al.19 that adding a bypass
may lead to a substantialperformanceimprovement.The results are
also at least qualitatively consistent with preliminary experimental
results in the current prototype, which also show a much improved
performance with a bypass, and clearly show that optimal values
exist for both admittances. (Results are not expected to be quanti-
tatively comparable with experiments because of all other sources
of losses, many of which depend on a set of design parameters that
are unrelated to the basic thermal/� ow con� guration.)

The maximumCOP is reachedroughlyfor the same bypassopen-
ing as for peak refrigeration,but with an ori� ce with approximately
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Fig. 7 Effect of ori� ce admittances AAO and AAB on regenerator pres-
sure drop, linear temperature pro� le: from 0.16 (bottom), level curves
correspond to sequence 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09,
0.1, 0.11, 0.12, 0.13, 0.14, 0.15, and 0.16.

Fig.8 Effect of ori� ce admittancesAAO andAAB onpressure phaseangle
in freezer, linear temperature pro� le: from ¡ 100 deg (bottom left) level
curves correspond to sequence ¡¡ 100, ¡ ¡ 90, ¡¡ 90, ¡¡ 80, ¡¡ 70, ¡ ¡ 60, ¡¡ 50,
¡ ¡ 40, ¡¡ 30, ¡¡ 27, ¡¡ 25, and ¡¡ 23 deg.

double the resistance,hence less � ow and a lower pressuregradient.
That is probably a predictable result; however, one should expect
that, when other losses are taken into account, the point of peak
ef� ciency will shift closer to the point of peak refrigeration.

Performance Without a Bypass
Results for a con� guration without a bypass correspond to the

limit for zero bypass admittance, that is, the x axis on Figs. 5–8.
However, these results are easier to read in Fig. 9, which shows
refrigeration and COP vs the ori� ce admittance, for both linear and
exponential temperature pro� les. Again, the two temperature pro-
� les yield results that are very close. Also, Fig. 9 clearly shows that

Fig. 9 Refrigeration and coef� cient of performance vs ori� ce admit-
tance AAO , no bypass: thick lines, refrigeration; thin lines, COP; con-
tinuous lines, linear temperature pro� le; and broken lines, exponential
pro� le.

Fig. 10 Effect of ori� ce admittance AAO and friction factor f on co-
ef� cient of performance, no bypass, linear temperature pro� le: from
0.3 (bottom), level curves correspond to 0.01, 0.05, 0.1, 0.15, 0.2, 0.25,
and 0.3.

optimal ori� ce admittance values exist that maximize refrigeration
or COP.

The key parameter characterizing the regenerator matrix is the
friction factor f . Figures 10 and 11 present contour plots of the
COP and refrigeration for an array of values of the friction factor
and the ori� ce admittance. (Only results for the linear temperature
pro� le are shown; the exponentialpro� le yieldsverysimilarvalues.)
As expected, both COP and refrigerationdecrease with friction be-
cause 1) friction is irreversibleand 2) the product up¤ in the freezer
decreases as the pressure drop across the regenerator goes up. The
COP approaches 0.33 as friction approaches zero, which is indeed
the ideal Kittel COP20 at the temperature ratio of 1

3 .
The maximum refrigeration point continues existing in the limit

of zero friction.However, as friction approacheszero, in contrast to
the COP that approaches the ideal limit for all values of the ori� ce
admittance, refrigerationremains strongly dependent on the ori� ce
admittance. Indeed, refrigeration is proportional to the product up¤

in the freezer, whereas the COP, as shown in Eq. (23), is given
by the ratio of the products up¤ at the warm end of regenerator
and in the freezer, as discussed earlier. Likewise, the peak COP
and the peak refrigeration move away from each other as friction
increases.
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Fig. 11 Effect of ori� ce admittance AAO and friction factor f on re-
frigeration, no bypass, linear temperature pro� le: from 0.070 (bottom),
level curves correspond to 0.005, 0.010, 0.020, 0.030, 0.040, 0.050, 0.060,
and 0.070.

Conclusions
This study included two main parts. First, an asymptoticallycon-

sistentsimpli� ed regeneratormodelwas developed.It includesexact
one-dimensionalcontinuity. In the momentum equation, inertia ef-
fects can be neglected,the leading-orderpressuregradient is related
through a Darcy law to the local cross-section-averaged instanta-
neous velocity, and the friction factor depends on the local and
instantaneousReynolds number. Finally, because � ow passages are
small and the matrix has high thermal mass, temperatures are time
independent, but obviously not uniform lengthwise.

In the secondpart, thismodelwasappliedto a completepulse-tube
cryocooler with a complex con� guration, including a bypass and,
hence,two parallel� owpaths.An additionalapproximationwasalso
made, that amplitudesare small, in whichcase the nonlineareffectof
thegas lawoncompressibilitybecomesnegligible.That assumption,
which is often made in studies of pulse-tube refrigerators,4;6;22 is
usually reasonablyaccurate for these devices; it leads to a harmonic
behavior in time and a linear model in space, which lends itself to a
closed-form solution.

The physical model includes the piston motion, the volume dis-
tribution, the bypass, the ori� ce, and the idealized representationof
the � ow in the regenerator. The results reveal a complex behavior,
in particular with respect to the effect of ori� ce and bypass adjust-
ment. That is not overly surprising because instantaneous division
of the � ow between the two parallel paths depends on the instanta-
neous impedances of the two paths. Although simpli� ed in relation
to the full set of compressible Navier–Stokes equations, the model
that was used to predict the relationship between � ow and pres-
sure drop in the regenerator is still a fairly sophisticated one, espe-
cially consideringthat it was coupled with the complex geometrical
description.

The results show that, in the presence of relatively high pressure
gradients in the regenerator, the bypass improves performance by
reducing these gradients and by improving the phase relationship
between pressure and velocity in the freezer.

The only assumption that was not based on a proper limit process
refers to the regenerator temperature pro� le. However, the results
show that within a reasonable range, which will normally include
the exact pro� le, the uncertainty due to small inaccuracies in the
temperatures is small, particularlyin comparisonwith uncertainties
due to the limitations of the physical model. The model is funda-
mental, and except for the temperature pro� le assumption and the
numerical value of the friction factor, it stands on its own without
the need for experimentalvalidation.The friction factor dependson

instantaneousReynolds number and matrix topology; experimental
determination is required.

Because it leads to a mathematical problem that is solved in
closed-form and, hence, there is no need for iterations and no dis-
cretization errors, the current performance prediction tool yields
results quickly, accurately, and effectively.

Appendix A: Integration Constants (Linear
Temperature Pro� le)

The values of the integration constants C1 and C2 appearing in
Eq. (36) are determined expressing that the solution satis� es the
boundary conditions, Eqs. (31):

C1 D
¡° N4

N1 N4 ¡ N2 N3
; C2 D

¡° N2

N1 N4 ¡ N2 N3

in which, for the pulse tube with a bypass, the constants Ni are

N1 D .1 ¡ c/J1[ib.1 ¡ c/]

ÄB

C c

³
2i¼ VL C 1

ÄB

´
J1.¡ibc/

C
°

©
J1.¡ibc/ ¡ 1

2
ibc[J0.¡ibc/ ¡ J2.¡ibc/]

ª

f

N2 D .c ¡ 1/

³
2i¼VR C 1

ÄB

´
J1[ib.1 ¡ c/] C

cJ1.¡ibc/

ÄB

¡
°

¡
J1[ib.1 ¡ c/] C 1

2
ib.1 ¡ c/fJ0[ib.1 ¡ c/] ¡ J2[ib.1 ¡ c/]g

¢

f

N3 D .1 ¡ c/Y1[ib.1 ¡ c/]

ÄB
C c

³
2i¼VL C 1

ÄB

´
Y1.¡ibc/

C
°

©
Y1.¡ibc/ ¡ 1

2
ibc[Y0.¡ibc/ ¡ Y2.¡ibc/]

ª

f

N4 D .1 ¡ c/

³
2i¼VR C 1

ÄB

´
Y1[ib.1 ¡ c/] C

cY1.¡ibc/

ÄB

C
°

¡
Y1[ib.1 ¡ c/] C 1

2
ib.1 ¡ c/fY0[ib.1 ¡ c/] ¡ Y2[ib.1 ¡ c/]g

¢

f

If there is no bypass, then by setting ÄB ! 1, the solution sim-
pli� es,

N1 D 2c¼VL J1.¡bc/ C
°

©
J1.¡bc/ ¡ 1

2
bc[J0.¡bc/ ¡ J2.¡bc/]

ª

f

N2 D 2.c ¡ 1/¼VR J1[b.1 ¡ c/]

¡
°

¡
J1[b.1 ¡ c/] C 1

2
b.1 ¡ c/fJ0[b.1 ¡ c/] ¡ J2[b.1 ¡ c/]g

¢

f

N3 D 2c¼VL Y1.¡bc/ C
°

©
Y1.¡bc/ ¡ 1

2
bc[Y0.¡bc/ ¡ Y2.¡bc/]

ª

f

N4 D 2.1 ¡ c/¼VR Y1[b.1 ¡ c/]

C
°

¡
Y1[b.1 ¡ c/] C 1

2
b.1 ¡ c/fY0[b.1 ¡ c/] ¡ Y2[b.1 ¡ c/]g

¢

f

where

b D
p

2¼ f i

Appendix B: Integration Constants
(Exponential Temperature Pro� le)

Again, the integrationconstants C1 and C2 appearing in Eq. (38)
are determined from the boundary conditions, Eqs. (31). With a
bypass,
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C1 D exp.Z/ f fexp.a C Z/[.a C Z/° C 2¼ f iVR] C f [1 C exp.a C Z /]=ÄBg
N1

C2 D ¡ exp.¡Z /fexp.a/[.Z ¡ a/° ¡ 2¼ f iVR] ¡ f [exp.a/ C exp.Z /]=ÄB g
f N2

where

N1 D exp.a/
¡
4¼ 2 f 2[exp.2Z/ ¡ 1]VL VR C [exp.2Z / ¡ 1]

£ .Z 2 ¡ a2/° 2 ¡ 2¼ f ° ifa[exp.2Z/ ¡ 1].VL C VR/

C Z [1 C exp.2Z /].VL ¡ VR /g
¢

C 2 f f° Z [exp.Z /

¡ exp.2a C Z /] C exp.a/[i f ¼.VL C VR/ C a° ]

¡ i exp.a C 2Z /[¼ f .VL C VR/ ¡ ia° ]g=ÄB

N2 D f[° .a C Z/= f C 2i¼VR C 1=ÄB ] exp.a C Z / C 1=ÄB g

£ [2i¼ VL C .a ¡ Z /° = f C 1 C exp.a ¡ Z/=ÄB ]

¡ f[° .a ¡ Z /= f C 2i¼VR C 1=ÄB ] exp.a ¡ Z / C 1=ÄB g

£ [2i¼ VL C .a C Z /° = f C 1 C exp.a C Z/=ÄB ]

In the absence of a bypass, this simpli� es to

C1 D exp.2Z / f [2¼ f iVR C ° .a C Z/]
N1

C2 D ¡ exp.a ¡ Z/[° .Z ¡ a/ ¡ 2¼ f iVR]
f N2

where

N1 D 4¼ 2 f 2[exp.2Z / ¡ 1]VL VR C ° 2[exp.2Z / ¡ 1].Z2 ¡ a2/

¡ 2¼ f ° ifa[exp.2Z / ¡ 1].VL C VR /

C Z [1 C exp.2Z /].VL ¡ VR /g

N2 D [2¼VL i C .a ¡ Z /° = f ][2¼VR i exp.a C Z/

C ° .a C Z / exp.a C Z /= f ] ¡ [2¼VR i exp.a ¡ Z/

C ° .a ¡ Z / exp.a ¡ Z /= f ][2¼VL i C .a C Z/° = f ]

Z D
p

a2 C 2¼ f i
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